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Abstract
In the present paper we first establish an interesting new chain interconnecting a number of multivariable I-transform
of Prathima et al. [6] by the method of mathematical induction. Full care has been taken of all the convergence
and existence conditions for the validity of the chain. The chain established herein has been put in a very compact
form and it exhibits interesting relationship existing between images and originals of a series of related functions in
several multidimensional I-function. The importance of our findings lies in the fact that it involves the multivariable
I-function which is sufficiently general in nature and so a large number of chains involving other simpler and useful
integral transforms of one and more variables follow as special ceses of our chain merely by specializing the parameters.
In the end, we shall see several corollaries.
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1. Introduction.
Inspired by the usefulness of integrals transforms in one and two variables in obtained solution of boudary value
problems occurring in various field of Physics and Engineering, we aim here to study certain properties of a mul-
tidimensional integral transform whose kernel involves the I-function of severnal variables. This integral transform
provides interesting unifications and extensions of the various classes of known E,G, H-functions and I-functions of
one and two variables of the product of several such functions as studied by Srivastava [9], Brychkov et al. [1] have
written a standard test on multidimensional integral transforms giving a good introduction and applications of such
transforms( see [3]. p.473). In the present study we establish an interesting new chain interconnecting number of
multivariable I-function of Prathima et al. [6] and discuss its several special cases. The multivariable I-function is
defined in term of multiple Mellin-Barnes type integral :
I(z1, · · · , zr) = I0,n:m1,n1;··· ;mr,nrp,q:p1,q1;··· ;pr,qr

z1
.
.
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j , · · · , α(r)j ;Aj)1,p :
(bj ;β
(1)
j , · · · , β(r)j ;Bj)1,q :
(c
(1)
j , γ
(1)
j ;C
(1)
j )1,p1 ; · · · ; (c(r)j , γ(r)j ;C(r)j )1,pr
(d
(1)
j , δ
(1)
j ;D
(1)
j )1,q1 ; · · · ; (d(r)j , δ(r)j ;D(r)j )1,qr
)
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=
1
(2piω)r
∫
L1
· · ·
∫
Lr
φ(s1, · · · , sr)
r∏
i=1
θi(si)z
si
i ds1 · · · dsr (1.1)
where φ(s1, · · · , sr), θi(si), i = 1, · · · , r are given by :
φ(s1, · · · , sr) =
∏n
j=1 Γ
Aj
(
1− aj +∑ri=1 α(i)j sj)∏p
j=n+1 Γ
Aj
(
aj −
∑r
i=1 α
(i)
j sj
)∏q
j=1 Γ
Bj
(
1− bj +∑ri=1 β(i)j sj) (1.2)
θi(si) =
∏ni
j=1 Γ
C
(i)
j
(
1− c(i)j + γ(i)j si
)∏mi
j=1 Γ
D
(i)
j
(
d
(i)
j − δ(i)j si
)
∏pi
j=ni+1
ΓC
(i)
j
(
c
(i)
j − γ(i)j si
)∏qi
j=mi+1
ΓD
(i)
j
(
1− d(i)j + δ(i)j si
) (1.3)
For more details, see Prathima et al. [6]. The I-function of r variables is analytic if :
Ui =
p∑
j=1
Ajα
(i)
j −
q∑
j=1
Bjβ
(i)
j +
pi∑
j=1
C
(i)
j γ
(i)
j −
qi∑
j=1
D
(i)
j δ
(i)
j 6 0, i = 1, · · · , r (1.4)
The integral (1.1) converges absolutely if
|arg(zk)| < 1
2
∆kpi, k = 1, · · · , r where
∆k = −
p∑
j=n+1
Ajα
(k)
j −
q∑
j=1
Bjβ
(k)
j +
mk∑
j=1
D
(k)
j δ
(k)
j −
qk∑
j=mk+1
D
(k)
j δ
(k)
j +
nk∑
j=1
C
(k)
j γ
(k)
j −
pk∑
j=nk+1
C
(k)
j γ
(k)
j > 0 (1.5)
Following the lines of Braaksma ([3] p. 278), we may establish the the asymptotic expansion in the following
convenient form :
I(z1, · · · , zr) = 0( |z1|α1 , · · · , |zr|αr ) , max( |z1|, · · · , |zr| ) −→ 0
I(z1, · · · , zr) = 0( |z1|β1 , · · · , |zr|βr ) , min( |z1|, · · · , |zr| ) →∞
where i = 1, · · · , r :
αi = min
16j6mi
Re
[
D
(i)
j
(
d
(i)
j
δ
(i)
j
)]
and βi = max
16j6ni
Re
[
C
(i)
j
(
c
(i)
j − 1
γ
(i)
j
)]
The multivariable I-function was introduced ans studies by Prathima et al. [6]. In this paper we shall study a
special case of this function defined and represented in the following manner
I¯(k)[z
(k)
1 , · · · , z(r)r ] = I¯0,0:m
(k)
1 ,n
(k)
1 ;··· ;m(k)r ,n(k)r
p(k),q(k);p
(k)
1 ,q
(k)
1 ··· ;p(k)r ,q(k)r
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
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L
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θ
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where
ψ(k)(ξ
(k)
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and
Throughout the paper we have used the following notations.
(1.9)
where
Ck = (c
′
1j , γ
′
1j ;C
′
1j)1,n′1 ,
(c(l)1j +
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i=1
ρ
(i)
1 + l − 1
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γ
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(l)
1j ;C
(l)
1i
)
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1
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r
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,
(
c
(k)
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,
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(
c
(l)
1j +
[
l−1∑
i=1
ρ(i)u + l − 1
]
γ
(l)
1j , γ
(l)
1j ;C
(l)
1j ]1,p(k)1
, (c′rj , γ
′
rj ;C
′
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Dk = (d
′
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′
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′
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(d(l)1j +
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i=1
ρ
(i)
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]
δ
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(l)
1j ;D
(l)
1i
)
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(l)
1
k−1
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,
(
d
(k)
1j +
[
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ρ
(k)
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]
δ
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1j , δ
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(k)
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′
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1j ;D
(l)
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r
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′
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′
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The multidimensional I-transform occurring in the paper is defined by
η(k)(s1, · · · , sr) = I¯(k)[f(t1, · · · , tr); s1, · · · , sr] =
∫ ∞
0
· · ·
∫ ∞
0
I¯(k)[s1t1, · · · , srtr]f(t1, · · · , tr)dt1 · · · dtr (1.14)
provided that the multiple integral (1.8) is absolutely convergent. The following result which is a modified form of
a known result [4.p.23, eq.(2.1)] will be required in the sequel.
∫ ∞
0
· · ·
∫ ∞
0
(
r∏
u=1
(t(ku )
(
∑k−1
i=1 ρ
(i)
u +k−2)I¯k−1[t′1(t
(k)
1 )
−1, · · · , t′r(t(k)r )−1]I¯(k)[s1t(k)1 , · · · , srt(k)r ]dt(k)1 · · · dt(k)r
The above multiple integrals converge under the following conditions if
U
(k)
i > 0, V
(k)
i > 0, |arg(si)| <
1
2
U
(k)
i pi (1.16)
k−1∑
l=1
max
1≤j≤n(l)i
Re
[
C
(l)
ij
c
(l)
ij − 1
γ
(l)
ij
+
l−1∑
u=1
ρ
(u)
i + l − 1
]
− min
1≤j≤m(k)i
D
(k)
ij Re
d
(k)
ij
δ
(k)
ij
< Re
[
l−1∑
u=1
ρ
(u)
i + l − 1
]
<
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k−1∑
l=1
max
1≤j≤n(l)i
Re
[
D
(l)
ij
d
(l)
ij
δ
(l)
ij
+
l−1∑
u=1
ρ
(u)
i + l − 1
]
− min
1≤j≤m(k)i
C
(k)
ij Re
c
(k)
ij − 1
γ
(k)
ij
(1.17)
where
U
(k)
i =
p(k)∑
j=1
A
(k)
ij a
(k)
ij -
q
(k)
i∑
j=1
B
(k)
ij β
(k)
ij +
m(k)∑
j=1
D
(k)
ij δ
(k)
ij −
q
(k)
i∑
j=m
[k)
i +1
D
(k)
ij δ
(k)
ij −
q
(k)
i∑
j=m
(k
i +1
D
(k)
ij d
(k)
ij −
p
(k)
i∑
j=n
(k)
i +1
D
(k)
ij γ
(k)
ij > 0
V
(k)
i =
k−1∑
m=1
p(m)∑
j=1
A
(k)
ij a
(k)
ij -
q
(m)
i∑
j=1
B
(k)
ij β
(k)
ij +
m(m)∑
j=1
D
(k)
ij δ
(k)
ij −
q
(m)
i∑
j=m
(m)
i +1
D
(k)
ij δ
(k)
ij −
q
(m)
i∑
j=m
(m
i +1
D
(k)
ij d
(k)
ij
−
p
(m)
i∑
j=n
(m)
i +1
D
(k)
ij γ
(k)
ij ] > 0 (1.18)
and the I¯k is defined by (1.9).
2. Theorem.
If φ′(s1, · · · , sr) = I¯ ′[f(t′1, · · · , t′r) : s1, · · · , sr] (2.1)
and
φ(k)(s1, · · · , sr) = I¯(k)
[
r∏
u=1
(t(k)u )
ρ(k−1)u φ(k−1)
(
1
t
(k)
1
, · · · 1
t
(k)
r
)
; s1, · · · , sr
]
(2.2)
then
φ¯(N)(s1, · · · , sr) =
r∏
u=1
s
−[∑N−1i=1 ρ(i)u +N−1]
u
∫ ∞
0
· · ·
∫ ∞
0
I¯N (s1t
′
1, · · · , srt′r)f(t′1, · · · , t′r)dt′1 · · · dt′r (2.3)
where N is a positive integer greater than 1, the various integrals involved in the above theorem are absolutely con-
vergent, the multivariable I-functions defined by Prathima et al [6]. occurring in the theorem satisfy their appropriate
convergence and existence conditions and the conditions stated in (1.11) and (1.12) are satisfied.
Proof
Interpreting (2.2) for k = 2 and using (1.8), we obtain
φ′′(s1, · · · , sr) =
∫ ∞
0
· · ·
∫ ∞
0
r∏
u=1
(t′′u)
ρ′uφ′
(
1
t′′1
, · · · , 1
t′′r
)
I¯ ′′(s1t′′1 , · · · , srt′′r )dt′′1 , · · · ,dt′′r (2.4)
Now substituting the value of φ′ from (2.1) in (2.4), we have
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φ′′(s1, · · · , sr) =
∫ ∞
0
· · ·
∫ ∞
0
r∏
u=1
(t′′u)
ρ′u I¯ ′′(s1t′′1 , · · · , srt′′r )
∫ ∞
0
· · ·
∫ ∞
0
I¯ ′(t′1(t
′′
1)
−1, · · · , t′r(t′′r )−1)f(t′1, · · · , t′r) dt′1, · · · ,dt′rdt′′1 , · · · ,dt′′r (2.5)
Now, changing the order of integration (which is premissible under the conditions stated with the theorem) and
using (1.10) therein, we obtain
φ′′(s1, · · · , sr) =
r∏
u=1
s
−(ρ′u+1)
u
∫ ∞
0
· · ·
∫ ∞
0
I¯2(s1t
′
1, · · · , srt′r)f(t′1, · · · , t′r)dt′1 · · · dt′r (2.6)
so the result is true for N = 2.
Let us assume that the result is true for N = k.Thus we have
φ(k)(s1, · · · , sr) =
r∏
u=1
s
−[∑k−1i=1 ρ(i)u +k−1]
u
∫ ∞
0
· · ·
∫ ∞
0
I¯k(s1t
′
1, · · · , srt′r)f(t′1, · · · , t′r)dt′1 · · · dt′r (2.7)
From (2.2), we have
φ(k+1)(s1, · · · , sr) = I¯(k+1)
[
r∏
u=1
(t(k+1)u
ρ(k)u
(
1
t
(k+1)
1
, · · · , 1
t
(k+1)
r
)
: s1, · · · , sr] (2.8)
Now subsituting the value of φ(k) from (2.7) in (2.8) and using (1.8) again, after algebraic manipulations, we get
the following result.
φ(k+1)(s1, · · · , sr) =
∫ ∞
0
· · ·
∫ ∞
0
(t(k+1)u )
[
∑k
i=1 ρ
(i)
u +k−1] I¯(k+1)[s1t
(k+1)
1 , · · · , srt(k+1)r ]
∫ ∞
0
· · ·
∫ ∞
0
I¯k
[
t′1(t
(k+1)
1 )
−1, · · · , t′r(t(k+1)r )−1
]
f(t1, · · · , t′r)dt′1 · · · dt′rdt(k+1)1 · · · dt(k+1)r (2.9)
Interchanging the order of integration in (2.9), which is premissible under the conditions stated the theorem and
using (1.9), we get
φ(k+1)(s1, · · · sr) =
r∏
u=1
s
−[∑ki=1 ρ((i)u +k]
u
∫ ∞
0
· · ·
∫ ∞
0
I¯(k+1)[s1t
′
1, · · · , srt′r]f(t′1, · · · , t′r)dt′1 · · · dt′r (2.10)
The result is true for (k + 1) also therefore by mathematical induction, the result is true for all positive integral
value N > 1.
3.Corollaries.
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In this section, we shall see three corollaries.
The multivariable I-function defined by Prathima et al. [6] reduces in I-function of one variable defined by Rathie
[7].
Corollary 1.
(c
(k)
j , γ
(k)
j ;C
(k)
j )1,p(k)
.
.
(d
(k)
j , δ
(k)
j ;D
(k)
j )1,q(k)1
=
1
2piω
∫
L
θ(k)(ξ(k))(z)ξ
(k)
dξ (3.1)
where
Throughout the paper we have used the following notations.
Ck
Dk
(3.3)
Ck = (c
′
j , γ
′
j ;C
′
j)1,n′ ,
(c(l)j +
[
l−1∑
i=1
ρ(i) + l − 1
]
γ
(l)
j , γ
(l)
j ;C
(l)
i
)
1,n(l)
k−1
l=2
,
(
c
(k)
j +
[
k−1∑
i=1
ρ(i) + k − 1
]
γ
(k)
j , γ
(k)
j ;C
(k)
j
)
1,p(k)
,
(c′j , γ
′
j ;C
′
j)n′+1,p′ ,
(c(l)j +
[
l−1∑
i=1
ρ(i) + l − 1
]
γ
(l)
j , γ
(l)
j ;C
(l)
j
)
1+n(l),p(l)
k−1
l=2
(3.4)
Dk = (d
′
j , δ
′
j ;D
′
j)1,m′ ,
(d(l)j +
[
l−1∑
i=1
ρ(i) + l − 1
]
δ
(l)
j , δ
(l)
j ;D
(l)
i
)
1,m(l)
k−1
l=2
,
(
d
(k)
j +
[
k−1∑
i=1
ρ
(i)
1 + k − 1
]
δ
(k)
j δ
(k)
j ;D
(k)
j
)
1,q(k)
, (d′j , δj ;D
′
j)n′+1,p′ ,
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(d(l)i +
[
l−1∑
i=1
ρ
(i)
1 + l − 1
]
δ
(l)
j , δ
(l)
j ;D
(l)
i
)
1,m(l)
k−1
l=2
(3.5)
noneWe consider the multiple integrals in the left-hand side of (1.15), we replace the function I of r variables by
the function I of one variable, nonethe corresponding integral noneconverges under the following conditions
U
(k)
i > 0, V
(k)
i > 0, |arg(si)| <
1
2
U
(k)
i pi (3.6)
k−1∑
l=1
max
1≤j≤n(l)
Re
[
C
(l)
j
c
(l)
j − 1
γ
(l)
j
+
l−1∑
u=1
ρ(u) + l − 1
]
− min
1≤j≤m(k)
D
(k)
j Re
d
(k)
j
δ
(k)
j
< Re
[
l−1∑
u=1
ρ
(u)
i + l − 1
]
<
k−1∑
l=1
max
1≤j≤n(l)
Re
[
D
(l)
j
d
(l)
j
δ
(l)
j
+
l−1∑
u=1
ρ(u) + l − 1
]
− min
1≤j≤m(k)
C
(k)
j Re
c
(k)
j − 1
γ
(k)
j
(3.7)
where
U (k) =
m(k)∑
j=1
A
(k)
j −
q(k)∑
j=m(k)+1
A
(k)
j +
n(k)∑
j=1
B
(k)
j −
p(k)∑
j=n(k)+1
B
(k)
j > 0 (3.8)
V (k) =
k−1∑
l=1
m(l)∑
j=1
A
(k)
j −
q(l)∑
j=m(l)+1
A
(k)
j −
n(l)∑
j=1
B
(k)
j −
p(l)∑
j=n(l)+1
B
(k)
j ] > 0 (3.9)
The following corollaries have been studied by Gupta et al. [5].
If we reduce the multidimensional I¯-transforms occurring in (2.1) and (2.2) to multidimensional Laplace transforms,
we obtain the following result :
Corollary 2.
If φ′(s1, · · · , sr) = L[f(t′1, · · · , t′r) : s1, · · · , sr]
and
φ(k)(s1, · · · , sr) = L
[
r∏
u=1
(t(k)u )
ρ(k−1)u φ(k−1)
(
1
t
(k)
1
, · · · , 1
t
(k)
r
)
; s1, · · · , sr
]
∀k ∈ {2, · · · , N}
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then
φ(N)(s1, · · · , sr) =
r∏
u=1
s
[
∑N−1
i=1 ρ
(i)
u +N−1]
u
∫ ∞
0
· · ·
∫ ∞
0
r∏
u=1
HN,00,N
(
sut
′
u (0,1),
[∑l−1
i=1 ρ
(i)
u + l − 1, 1
]
l=2,N
)
f(t′1, · · · , t′r)dt′1 · · · dt′r (3.10)
Again, if we reduce the multivariable I-function of Prathima et al. [6] involved in the main theorem into product
of r- generalized Bessel function (J
(u)
λ ) [8, p.19, eq. (2.6.10)], we obtain
Corollary 3.
If φ′(s1, · · · , sr) =
∫ ∞
0
· · ·
∫ ∞
0
r∏
u=1
J
υ′u
λu′
[sut
′
u] f(t
′
1, · · · , t′r)dt′1 · · · dt′r (3.11)
and
φ(k)(s1, · · · , sr) =
∫ ∞
0
· · ·
∫ ∞
0
r∏
u=1
(t(k)u )
ρ(k−1)u J
υ(k)u
λ
(k)
u
[sut
(k)
u ]φ
(k−1)
(
1
t
(k)
1
, · · · , 1
t
(k)
r
)
dt
(k)
1 · · · dt(k)r (3.12)
∀k ∈ {2, · · · , N}
then
-
du
f(t′1, · · · , t′r)dt′1 · · · dt′r
(3.13)
where
du = (0, 1),
[(
l−1∑
i=1
(ρ(i)u + l − 1
)
, 1
]
2,N
, (−λ′u, υ′u),
[
−λ(l)u +
(
l−1∑
i=1
ρ(i)u + l − 1
)
υ(l)u , u
(l)
]
2,N
(3.14)
and the validity conditions are directly obtained from the main theorem are assumed to be satisfied.
4. Conclusion.
The importance of our all the results lies in their manifold generality. By specializing the various parameters
as well as variables in the multivariable I-function defined by Prathima et al. [6], we obtain a large number of
results involving remarkably wide variety of useful special functions ( or product of such special functions) which are
expressible in terms of I-function, H-function, Meijer’s G-function, E-function and hypergeometric function of one and
several variables ,etc. Therefore we can get a large number of chains involving the special functions by using the
multidimensional integral transformations.
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